In this paper we present a closed-form, exact solution for the pricing of VIX futures in a stochastic volatility model with simultaneous jumps in both the asset price and volatility processes. The newly-derived formula is then used to show that the well-known convexity correction approximations can sometimes lead to large errors. Utilizing the newly-derived formula, we also conduct an empirical study, the results of which demonstrate that the Heston stochastic volatility model is a good candidate for the pricing of VIX futures. While incorporating jumps into the underlying price can further improve the pricing of VIX futures, adding jumps to the volatility process appears to contribute little improvement for pricing VIX futures.
Introduction
The Volatility Index (VIX) has been considered as the world's benchmark for stock market volatility since its introduction in 1993 by the CBOE (Chicago Board Options Exchange). In With the growing popularity of VIX derivatives, considerable research has been drawn to the development of appropriate pricing models for VIX derivatives. Grunbichler & Longstaff (1996) first developed a pricing model for volatility futures and volatility options based on a mean-reverting squared-root volatility process. Carr & Wu (2006) presented a lower bound and an upper bound for the price of VIX futures. Zhang & Zhu (2006) proposed an expression for VIX futures, assuming the S&P500 is described by Heston (1993) 's stochastic volatility model. Zhu & Zhang (2007) further derived a no-arbitrage pricing model for VIX futures based on the variance term structure. Lin (2007) presented a convexity adjustment approximation for the value of the VIX futures under various stochastic volatility models with simultaneous jumps, both in the asset price and variance processes. Psychoyios et al. (2007) provided a pricing model for both VIX futures and VIX options based on a squared root mean reverting process with jumps. Sepp (2008a Sepp ( , 2008b applied the square root stochastic variance model with variance jumps to describe the evolution of S&P500 volatility, and demonstrated how to apply the model to the pricing and hedging of VIX futures and options.
More recently, Lin & Chang (2009) derived a pricing formula for VIX options under the stochastic volatility model with simultaneous jumps both in the S&P500 and its related variance processes, and empirically examined the performance of each generalization of the S&P500 dynamics in improving VIX option pricing. used market data to establish the relationship between the VIX and the VIX futures prices, and then established a theoretical relationship between VIX futures and VIX, using a simple square root mean-reverting process with a stochastic long-term mean. Zhang & Huang (2010) analyzed the market data of the CBOE S&P500 three-month variance futures, and established a linear relation between the price of fixed time-to-maturity variance futures and the VIX 2 by using a simple mean-reverting stochastic volatility model for the S&P500 index. Lu & Zhu (2009) derived a new pricing framework for VIX futures, and then used a Kalman filter and maximum likelihood method for model parameter estimations and comparisons. They provided evidence that a third factor is statistically significant for variance term structure dynamics. Luo & Zhang (2010) proposed a general twofactor stochastic volatility framework for VIX, and gave an empirical analysis showing that the framework is good at both capturing time-series dynamics of VIX and generating a rich crosssectional shape for the term structure. Some other typical recent papers about the VIX and its derivatives (futures and options) include Wang & Daigler (2010) , Lin & Chang (2010) , Cont & Kokholm (2010) . Carr & Lee (2009) provided a comprehensive overview of the research in this area, suggesting that studies on the valuation of VIX derivatives are far from conclusive.
This study aims to accomplish three main tasks. Firstly, a closed-form and exact pricing formula is developed to evaluate the VIX futures in a general framework that allows for stochastic volatility, random jumps in the underlying asset, and random jumps in the variance process. Our solution procedure is demonstrated through a proposition in the first part of Section 2. Secondly, utilizing the newly-found formula, we then examine the accuracy of the well-known convexity correction approximations in pricing VIX futures (see for example, Lin 2007; in the second part of Section 2. Through numerical comparison, we show that there are nontrivial differences between our results and those from Lin's (2007) approximation solution, and the third order approximation proposed in performs even worse than Lin's (2007) approximate formula. Thirdly, we present an empirical study in Section 3, examining the effects of adding jumps to the underlying asset and its volatility processes. Using the joint time series data of S&P500 and VIX, we demonstrate the determination of model parameters using the MCMC approach and show that the Heston stochastic volatility model captures the dynamics of the S&P500 and is a good candidate for the pricing of VIX futures; adding jumps into the volatility process appears to give little improvement for pricing VIX futures. Finally, a brief summary is provided in Section 4.
VIX Futures Models
The purpose of this section is to derive a closed-form formula for VIX futures, in the framework of stochastic volatility with jump-diffusion characteristics observed in the time-series literature.
A closed-form exact solution in such a general framework enables us to closely scrutinize the accuracy of some approximate formulae in the literature, and to empirically examine the effect of adding jumps into models for pricing VIX futures.
The Volatility Index
The current VIX is calculated in a model-free manner as a weighted sum of out-of-money option prices across all available strikes on the S&P500 index. As described in the CBOE white paper 1 , the new VIX, which is the underlying asset of VIX futures and options, is defined by means of
where τ = 30 365
, K i is the strike price of the i-th out-of-the-money option in the calculation, F is the time-t forward index level, Q(K i ) denotes the time-t midquote price of the out-of-the-money option at strike K i , K 0 is the first strike below the forward index level, and r denotes the time-t risk-free rate with maturity τ.
For a better understanding of the financial interpretation, this expression of the VIX squared can be given in terms of the risk-neutral expectation of the log contract, using a mathematical simplification (see Lin 2007; Duan & Yeh 2010 for more details):
Here Q is the risk-neutral probability measure, F = S t e rτ denotes the 30-day forward price of the underlying S&P500 with a risk-free interest rate r under the risk-neutral probability, and F t is the filtration up to time t.
1 see the white paper of VIX, available at http://www.cboe.com/micro/vix/vixwhite.pdf
Pricing VIX Futures
Due to the relationship between VIX 2 t and S&P500, as described in Equation (2), a natural method to model the VIX t is to capture the dynamics of S&P500. Our model for the S&P500 in this paper incorporates stochastic volatility and simultaneous jumps in both the asset price and the volatility process. This general model was initially proposed by Duffie et al. (2000) .
Under the physical probability measure P, the S&P500 index, denoted by S t , is assumed to have dynamics:
where r t is the constant spot interest rate, V is the diffusion component of the variance of the underlying asset dynamics (conditional on no jumps occurring), dW 
is the risk premium of the jump term in the process to compensate the jump component, and γ t is the total equity premium.
Following the standard analysis in literature (e.g., Duffie et al. 2000; Pan 2002; Eraker 2004; Broadie et al. 2007 ), we represent the dynamics of the S&P500 index, under the risk-neutral probability measure Q, as:
where
S is the corresponding risk-neutral parameter of µ S . Consistent with the specification considered in Pan (2002) or Eraker (2004) , the risk premium parameters in our study are: the diffusive volatility risk premium η V = κ Q − κ and the jump risk
Notice that the σ V , ρ, κθ, λ and other jump parameters are the same under both the physical probability measure P and the risk-neutral probability measure Q. The specification for diffusive volatility risk premium η V is standard in the literature, whereas there are various ways of specifying the measure changes (jump risk premium) for the jump processes. Broadie et al. (2007) considered a more general specification for the measure changes for the jump processes by allowing the jump intensity and all the jump parameters to change for the measures P and Q.
As shown in Equation (2), VIX squared is just the conditional risk-neutral expectation of the log contract of the S&P500 over the next 30 calendar days. Under the general specification of Equation (4), this expectation can be carried out explicitly, yielding
, and τ = 30/365
as shown in Lin (2007) and Duan & Yeh (2010) . It should be stressed here that the VIX squared in Equation (5) is a linear function of the instantaneous variance, V t . One can thus take advantage of this linear relationship to calculate the instantaneous variance, V t , of the S&P500, once the VIX value is given. Carr & Wu (2006) showed that, under the assumption of no-arbitrage and continuous marking to market, the price of a VIX future, denoted by F(t, T ), is a martingale under the risk-neutral probability measure Q. Lin (2007) and Zhang & Zhu (2006) also concluded that the price of a VIX future is a martingale. Hence the value of a VIX future contract, F(t, T ), at time t with settlement at time T is
The expectation in Equation (7) can be explicitly carried out and a closed-form formula for the exact price of a VIX future contract can be obtained, as given by the following proposition:
Proposition 1 If the S&P500 index follows the general dynamics given by Equation (4), the conditional probability density function of VIX T , denoted by p
where τ = T − t. The price of a VIX future at time t with maturity T is then:
where f (ϕ; t, τ, V t ) is the moment generating function of the stochastic variable V T , given by,
The proof of this proposition is left in Appendix A.
Clearly, what has been presented in the proposition is a pricing formula written in the form of an explicit one-to-one function between the VIX futures price and the VIX itself. This formula has several distinctive features. Firstly, it is developed in a general framework that covers most of the known models as special cases, including (i) the Heston (1993) stochastic volatility (SV) model, (ii) the stochastic volatility with jumps in the underlying asset (SVJ) model, (iii) the stochastic volatility model with jumps in the variance process, the SVVJ model, and (iv) the stochastic volatility model with random jumps in both the underlying asset and variance process, the SVJJ model. As a result, the dimensionality of the parameter space is quite high with {κ, θ, σ V , η V , λ, µ S , σ S , µ V , ρ J , η V } as the parameter vector for the most general case 2 . A closed-form and exact pricing formula for VIX based on such a general framework has so far not been seen in the literature.
Secondly, the pricing formula (9) for VIX futures involves a one-dimensional integral with its integrand being a well-defined and smooth real function, since it has completely avoided numerically performing the complex-valued Fourier inversion. On the other hand, Zhu & Zhang Thirdly, when the time-to-maturity increases, the prices of VIX futures calculated from the formula (9) become less sensitive to the spot VIX value and fail to capture the evolution of the VIX as the time-to-maturity increases. In the limiting case, the futures prices approach value a constant that is independent of the VIX value, i.e.
As will be shown in the empirical studies later, this term structure of VIX futures prices is indeed consistent with the observed traded prices in the CBOE. This feature is quite unique, in contrast to futures contracts written on commodities or equities; the latter always move in a one-to-one fashion with the underlying spot price, even with very a time to expiration.
Examination of the Convexity Approximations
With the newly developed exact pricing formula for VIX futures, it would be of interest to make a comparative study between this formula and two popularly used approximation formulae developed in the past.
Under the general dynamics as specified in Equation (3), Lin (2007) employed the so-called convexity correction approximation (Brockhaus & Long 2000) . This is essentially the secondorder Taylor expansion of the square root function for the square root of a latent affine stochastic variance process. It is used to calculate the expectation in Equation (7), and obtain an approximation formula for VIX futures in the form:
2 } is the convexity adjustment relevant to the VIX futures.
Naturally, one may wonder if better accuracy can be achieved by extending the second-order convexity correction approximation to a third order in the Taylor expansion of the square root function. explored such an extension by carrying out the Taylor expansion of the square root function to the third order and obtained an approximate formula for VIX futures, based on the Heston stochastic volatility model. We now present some numerical comparisons with the results obtained from our exact solution Equation (9) and those from the convexity correction approximations. These comparisons will help readers understand the improvements in accuracy of our exact solution. More importantly, the comparative study presented in this section serves to demonstrate that the convexity approximation technique should be used with care, as it may lead to large errors in some cases. Clearly, taking a higher-order approximation does not necessarily lead to a better result when there is a stochastic variable involved.
Of course, it is quite possible that under some other sets of parameters, the two approximations may work well and the relative difference could be substantially smaller than what has been displayed in this particular example. For instance, we have also tested the accuracy of the third-order approximation with the set of parameters presented in (i.e., κ = 2.4203, θ = 0.03774 and σ V = 0.1425). Indeed, the relative difference is quite small with these parameters. To explicitly work out the range of validity of the two approximations in the parameter space is a difficult task because of the high dimensionality associated with these ap-proximations. Our experience is that the accuracy of these two approximations is sensitive to the parameter σ V , or the so-called volatility of volatility. The convexity correction approximations work well when σ V is sufficiently small. However, when σ V has passed a certain threshold (it is roughly 0.5 in this particular example), the deviation resulted from the convexity correction approximation, no matter if it is from the second-order or the third-order approximation, will become unacceptably large. The fact that the accuracies of the both Lin (2007) 
Empirical Studies
Like other pricing formulae, to apply our newly-developed general formula to price VIX futures in practice, one needs to know what parameters to use. The determination of the model parameters in an appropriate way can itself be a difficult problem. The most commonly adopted approaches are i) by minimizing the "pricing errors", measured under some appropriately designed norms, between the model-predicted values and the set of market data; ii) by maximizing "hedging performance" in the sense that the chosen model can render satisfactory hedging performances against specified risks; iii) by producing fit of the model-implied parameters, which are determined from the derivative prices obtained from the model and market data in an "implied" sense, and those determined directly from analyzing the time series of the underlying asset such as the S&P500 for the case of pricing VIX options or futures. However, implementing any of these approaches usually means that one faces a computationally intensive task, as any routine required to carry out the computational task usually involves millions, if not billions, of iterations. Now, with our closed-form pricing formula which covers four different models, the computation involved in parameter determination will be substantially reduced, thus allowing us to compare which model is the most suitable to price VIX futures. In this section, we present such an empirical study conducted by using the Markov chain Monte Carlo (MCMC) method to estimate the model parameters from the coupled market data of S&P500 and VIX values and to test the pricing performance of the four models.
The Econometric Methodology
There are three main reasons why we chose the MCMC method in this study. Firstly, in order to estimate the model parameters, we initially chose the optimization calibration method to infer the parameters by minimizing the squared differences between theoretical values calculated from any VIX futures model and those observed in the market. Our experience is that a minor disturbance in the initial value for the optimization always results in large changes in the solution obtained from the optimization algorithm. In other words, the optimization calibration approach appears to be unstable. The instability may result from the highly nonlinear object function itself, as reported by Zhang & Lim (2006) . Secondly, it has been documented in the literature that the MCMC method has sampling properties superior to other methods. For example, Jacquier et al. (1994) found that the MCMC method outperforms some other statistical inference methods, for example, the generalized method of moments and the quasi-maximum likelihood estimation method, in estimating parameter of stochastic volatility models. Andersen et al. (1999) found that the MCMC method also outperforms the efficient method of moments.
Some other advantages (such as computational efficiency, accounting for estimation risk and providing estimations of the latent volatility as well as jumps parameters) are also reported (Eraker et al. 2003) . Finally, as noted by Broadie et al. (2007) , an efficient estimation procedure should utilize not only the information stored in the underlying asset that varies as a function of time over the period of study, but also the cross-sectional information stored in the derivatives prices over the same period of time. This is a view shared by others (e.g., Pan 2002; Jones 2003; Eraker 2004) . In this study, three sets of market data (S&P500, VIX values and VIX futures prices) were available; simultaneously utilizing these sets of data allows the estimated parameters from the MCMC method to reflect the unbiased information contained in each individual set.
In our study, the MCMC method is implemented by using the software package WinBUGS, which provides an easy and efficient implementation of the Gibbs sampler, and has been successfully applied for a variety of statistic models such as random effects, generalized linear, proportional hazards, latent variables, and even state space models (Yu & Meyer 2006 In order to use the MCMC method to estimate the structural parameters and the latent stochastic volatility in our VIX futures pricing model, we construct a time-discretization of Equation (3).
where ε 
, is introduced in Equation (14). Eraker (2004) adopted a serial dependent
AR(1) model for pricing errors, which is equivalent to assuming that each of the pricing errors follows an independent Ornstein-Uhlenbeck process, based on the prior belief that if an asset is mispriced at time t, it is also likely to be mispriced at time t+1. In our study, we follow Johannes & Polson (2002) , assuming that ε
V IX t
at different t is independent and normally distributed with the zero mean and a known variance, σ 2 U . To implement the MCMC inference model, we have also adopted the prior distributions suggested by Eraker et al. (2003) and Eraker (2004) for the unknown parameters.
Data Description
The daily VIX index value and VIX futures prices can be obtained directly from the CBOE. The Several exclusion filters were applied to the raw data to construct the VIX futures prices data which are eventually used in our analysis. Firstly, VIX futures that are less than 5 days to maturity were removed from the raw sample to avoid any liquidity-related bias. This is because there are cases in the last few days before expiration when the VIX futures prices move in the opposite direction to the movement of the underlying VIX. This filter principle was also used by Bakshi et al. (1997) and Zhang & Lim (2006) . Secondly, VIX futures data with the associated open interest less than 200 contracts were excluded from the sample to avoid any liquidityrelated bias. Finally, futures prices that are less than 0.5 were not used to mitigate the impact of prices discreteness because of the tick size of 0.01. This is because most option pricing models assume continuous price movements, whereas in the real world the price moves in ticks. Nandi (1996), Bakshi et al. (1997) and Zhang & Lim (2006) used this filter rule. In our studies, the minimum futures price in the raw data is 9.95. So no sample data has been filtered out by this rule. Based on this criterion, we have 6433 VIX futures prices. Because the VIX futures price is independent of the risk-free interest rate, we need not use any interest-rate proxy, such as the LIBOR rate. At the same time, CFE increased the previous multiplier for the VIX futures contracts from $100 to $1,000. As a result, the traded futures prices were reduced by a factor of ten and the minimum tick was reduced from $0.10 to $0.01, but the dollar value of both remained the same. To illustrate, Figure 2 plots the time series of S&P500 and VIX index. As can be immediately observed from the figure, the VIX index has a mean-reverting behavior and has a high volatile behavior. Table 1 provides some basic statistical properties of the S&P500, VIX index and VIX futures. The futures data are divided into three categories according to the term to expiration as (i) short-term (< 60 days); (ii) medium-term (60-180 days); and (iii) long-term (> 180 days).
This classification was also used by Lin (2007) in pricing VIX futures and Bakshi et al. (1997) in analyzing S&P500 options. 
Empirical Results
By implementing the above MCMC procedure in the software package WinBUGS, we obtained the volatility and jump parameters, using the joint data of VIX value and S&P500 as inputs to estimate the parameters Φ. The estimation procedure was applied to the four models, respectively. Table 2 reports the means and standard deviations of each of the estimated parameters in the four models. All the estimated parameters reported here are annualized.
These reported parameters are quite informative. (2004), Zhang & Zhu (2006) . However, they are very close to the implied estimation in Bakshi et al. (1997) . Theoretically, the effective long-term mean variance is θ for the SV and SVJ models, and θ + Note: This table reports the means and standard deviations (within parentheses) of each estimated parameters in the four models, using the joint data of VIX value and S&P500. All the estimators reported here are annualized.
for ρ in the SV model, using the data of all options, short-term options and at-the-money options respectively. Lin (2007) presented an estimate of -0.6936 for SVJ model. This disagreement indicates the estimate of ρ is still inconclusive. Fortunately, the estimate of ρ is not so important for the purpose of pricing VIX future, because the VIX and VIX futures are independent of this parameter. Table 3 shows a comparison of the estimates of the model parameters reported in the literature as well as our own. As can be observed, there are nontrivial differences between them for all estimated parameters, particularly the volatility risk premium parameter, η V . Just as an issue raised in Zhang & Huang (2010) , we also believe that searching for a reliable estimation method to determine the model parameters from market data remains a challenge. While our work presented in this paper has demonstrated another alternative, complicated stochastic models probably will not gain popularity among market practitioners, until a convincing approach can be accepted and agreed upon by a majority of researchers.
Comparative Studies of Pricing Performance
In this section, we discuss the empirical performance of the four models in fitting the historical VIX futures prices. By following the studies in Lin (2007) , we employ three measures of "goodness of fit" (the root mean squared error (RMSE), the mean percentage error (MPE) and the mean absolute error (MAE)) to assess the pricing performance for each of the four VIX futures pricing models. For this purpose, we first compute the model-determined future price using parameters reported in Table 2 , then subtract it from its observed market counterpart, to obtain the squared pricing error, percentage pricing error, and absolute pricing error. This procedure is repeated for every future contract and each day in the sample to obtain the mean values of the three tests.
The RMSE, MPE and MAE values for the short-term, mid-term and long-term futures contracts are tabulated in Table 4 . Firstly, the RMSE and MAE are the lowest (except the shortterm futures contracts) for the SVJJ model, ranking SVJJ model the best. This suggests that the specification benefits are indeed generated by introducing simultaneous jumps in the underlying asset and volatility processes. On the other hand, from the panel of MPE values, in contrast to the above conclusion, the SV model in general outperforms the other three models. Secondly, there appears to be no real advantage with jumps being added to the process describing the dynamics of the underlying asset, as the SVJ model outperforms the SV model only marginally, or performs even worse than SV model according to the MPE test. Thirdly, it is shown that the SVVJ model performs well for the short-term and medium-term futures. However, it significantly overprices the long-term futures with the MPE as high as 10.790%. Finally, all three tests show that the four models perform better for short-term futures than for long-term contracts. For example, the MPE is 3.303% for short-term futures in the SVJJ model, whereas it increases to 8.942% for long-term contracts, which is more than doubled. This is also true for other performance measures or other models. Note: For a given model, we compute the price of each VIX future using the previously estimated parameters reported in Table 2 , the current day's VIX and the maturity of the VIX future, then subtract it from its observed market counterpart, to obtain the squared pricing error, percentage pricing error, and absolute pricing error. This procedure is repeated for every future and each day in the sample to eventually obtain the mean values of the three tests.
To illustrate the pricing performance of the various models more clearly, we examine the performance of models in fitting the VIX futures term structure. Following the basic idea of VIX futures term structure proposed by , we sort all the observed futures prices according to expiration and group these futures by every 30 days to expiration, we then of expiration, using our empirically obtained parameters in Table 2 with the VIX value in the VIX futures pricing formula (9) being the mean value of VIX 15.63 (see Table 1 ). Hence we determine four VIX futures term structure curves, corresponding to the four models SV, SVJ, SVVJ, and SVJJ.
It can be observed that the empirical term structure of the VIX futures price, as well as the model-based theoretical term structures is of an upward slope, indicating the short-term mean level of volatility is relatively low compared with the long-term mean level and that the volatility is increasing to the long-term high level. It can be also observed that all term structure curves are concave, and asymptotically approach their upper bounds, indicating that futures prices become less sensitive to time to expiry when the time to expiry increases, and eventually become independent of time to expiry when the time to expiry is large enough. This interesting property, observed from the empirical data of VIX futures, is consistent with our theoretical analysis, Equation (12). As shown in Figure 3 , all four models capture the term structure of the VIX futures well. In particular, the SVJJ model performs the best and the SVVJ model the worst; there is a considerable degree of difficulty for the SVVJ model to fit the long-term contracts.
In Figure 4 , the model-implied steady-state density distribution for the VIX is compared with the empirical frequency of the VIX, which is calculated from the VIX closing levels observed in the CBOE from March 26, 2004 to July 11, 2008 . The model implied steady-state density is computed using Equation (8), using the parameters in Table 2 . It should be noted that Equation (8) is the conditional transitional probability density, while the empirical VIX frequency is an unconditional one. To obtain the model implied steady-state density distribution of VIX, we let τ = T − t approach infinity in Equation (8). It can be observed in Figure 4 that none of the four models can capture the "right tail" of the VIX as observed in empirical data. However, the SVJJ model is better than the other three. The SVVJ is again the worst. In the related literature, only Sepp (2008b) and Sepp (2008a) In contrast, we found models based on this set of parameters in Sepp (2008a) cannot capture the VIX futures term-structure as shown in Figure 3 . The calculated performance tests (RMSE, MPE and MAE) based on Sepp (2008a)'s parameters are also significantly larger than those in Table 4 . It appears difficult to simultaneously fit the VIX futures and VIX values; the implied structural volatility parameters that well fit the derivatives market prices (such as S&P500 options or VIX futures) cannot describe the corresponding underlying processes (S&P500, VIX). This is actually a basic question in the empirical literature, as raised by Bates (1996 ), Bakshi et al. (1997 and Eraker (2004) . Although Eraker (2004) found reconciling evidence from spot and option prices by using the MCMC method to infer the related model parameters, we believe that it is still a very difficult problem to obtain parameters which describe simultaneously the VIX and VIX futures.
Conclusion
In this paper, we have presented a newly-found closed-form, exact solution for VIX futures. The analytic pricing formula has some unique features. Firstly, it is an "umbrella" solution which covers four different stochastic volatility models with or without jumps in both the underly- new formula includes some previously derived formulae (e.g., the SV) as special cases, it has filled a gap as there is no closed-form exact solution available in the literature for some other cases (SVJ, SVVJ and SVJJ). Consequently, we were able to use our formula to examine the accuracy of some analytic approximations previously used for the SVJ, SVVJ and SVJJ cases.
We were also able to use our formula to conduct empirical studies. Using the joint time series data of S&P500 and VIX, we have demonstrated the determination of model parameters with the MCMC approach through a numerical example. With these parameters extracted from the market data, we then empirically examined the pricing performance of four models (SV, SVJ, SVVJ and SVJJ), taking advantage of our newly-found explicit pricing formula. Our empirical studies show that the Heston stochastic volatility model (SV) describes the dynamics of S&P500 well and is a good candidate for the pricing of VIX futures. Incorporating jumps into the underlying price can further improve the pricing the VIX futures. However, jumps added to the volatility process appear to add little improvement for pricing VIX futures.
The solutions to these ODEs are
Starting from time t, the Fourier inversion of the characteristic function f (ϕi; t, τ, V t ) provides the required conditional density function p
Re[e −iϕV T f (iϕ; t, τ, V t )]dϕ.
The price of a VIX future contract at time t is thus expressed
Schürger (2002) has shown that, after interchanging the expectation and integral using Fubini's theorem, the expectation of the square root function can be expressed as,
ds.
Using this identity, Formula (A8) can be simplified as:
Here f (ϕ; t, τ, V t ) is the moment generating function shown in Eq. (10). This is our pricing formula for VIX futures in the general SVJJ model. A similar technique has also been adopted by Broadie & Jain (2008) to derive a closed-form pricing formula for volatility swaps.
Appendix B
BUGS (Bayesian inference using Gibbs sampling) is a user-friendly and freely available software package for the implementation of Bayesian analysis of complex statistical models using Markov chain Monte Carlo (MCMC) methods. BUGS automates the calculation of the full conditional posterior distributions using a model representation by directed acyclic graphs.
It contains an expert system for choosing an effective sampling method for each full conditional.
The software can be downloaded from http://www.mrc-bsu.cam.ac.uk/bugs/welcome.shtml. 
